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Abstract
Here I obtain the conditions necessary for the conservation of the Dirac current when one substi-
tutes the assumption γA|B = 0 for γ
A
|B = [VB , γ
A], where the γAs are the Dirac matrices and “|”
represents the components of the covariant derivative. As an application, I apply these conditions
to the model used in Ref. [M. Novello, Phys. Rev. D8, 2398 (1973)].
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I. INTRODUCTION
The Dirac equation has been successfully used as a relativistic version of the Schro¨dinger
equation. It has the additional degree of freedom known as spin and, in a inertial frame
with Cartesian coordinates, one writes this equation in a very simple and well-established
form, namely,
iγµ∂µψ −mψ = 0. (1)
On the other hand, when we go to either an accelerated frame or a curved spacetime we
need the concept of covariant derivative to change ∂µ for ∂µ +Γµ, where Γµ is known as the
spin connection. This also happens when a electromagnetic field is present. In this case,
one substitutes ∂µ for ∂µ+Aµ, where Aµ is the electromagnetic 4-potential and ∂µ+Aµ can
be seen as the covariant derivative in a fiber bundle [1]. It turns out that Γµ can simulate
Aµ [2], even when one takes the standard definition of Γµ (the vanishing of the covariant
derivative of the Dirac matrices). A common feature of these covariant derivatives is the
conservation of the Dirac current. However, this is not always true when one takes a more
general spin connection. In this article I show the conditions needed for the conservation
of the current with a general spin connection. In addition, I use this conditions in a model
based on the generalization of Γµ that simulates some physical interactions by using only
the spin connection. It turns out that these conditions do not affect the model significantly.
This article is organized as follows. In Sec. II, I present the notation and conventions
adopted here and write down some identities that will be use throughout this paper. Sec.
III is devoted to a brief review of the model presented in Ref. [3], while in Sec. IV the
conditions for the conservation of the Dirac current are obtained. Some final comments are
left to Sec. V.
II. NOTATION AND CONVENTIONS
Throughout this paper capital Latin letters represent tetrad indices, while Greek letters
represent coordinate ones. All of them run over 0–3, but the tetrad ones are written between
parentheses when numbered (A(0), for example).
In the tetrad basis, the components of the metric takes the form ηAB = η
AB =
diag(1,−1,−1,−1).
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Following the standard notation, I use “[| . . . |]” to indicate the antisymmetric part of
a tensor. For instance, γ[A|γBγ|C] =
(
γAγBγC − γCγBγA
)
/2. When no vertical bar is
present, one must antisymmetrize all indices inside the brackets. For instance, γ[AγBγC] =
(γAγBγC + γCγAγB + γBγCγA − γAγCγB − γBγAγC − γCγBγA)/6.
The Levi-Civita alternating symbol will be denoted by ǫABCD, where ǫ0123 = ǫ
0123 =
+1. Notice that this is just a symbol, not a component of a tensor. Besides, ǫABCD 6=
ηALηBMηCNηDOǫLMNO. Nonetheless, we can define a pseudo-tensor through the identifica-
tion εABCD ≡ ǫABCD. In this case, we have ε
ABCD = ηALηBMηCNηDOεLMNO = η
−1ǫABCD =
−ǫABCD, where η is the determinant of the metric.
There are many ways to represent the generators of the Clifford algebra. Nevertheless,
I will stick to {I, γA, γ[AγB], γ[AγBγC], γ(5)}, where γ(5) = γ(0)γ(1)γ(2)γ(3). The γAs are the
standard Dirac matrices in four dimensions. These matrices satisfy γAγB + γBγA = 2ηABI,
where the unit matrix I will be omitted from now on. The generators of the Clifford algebra
satisfy many identities, some of them are shown below (for more details, see Ref. [4].).
γAγB = γ[AγB] + ηAB, (2)
γEγ[AγB] = γ[EγAγB] + ηEAγB − ηEBγA, (3)
γ[AγB]γE = γ[EγAγB] − ηEAγB + ηEBγA, (4)
γEγ[AγBγC] = −εEABCγ(5) + ηEAγ[BγC] + ηEBγ[CγA] + ηECγ[AγB], (5)
γ[AγBγC]γE = εEABCγ(5) + ηEAγ[BγC] + ηEBγ[CγA] + ηECγ[AγB], (6)
γEγ(5) = −γ(5)γE =
1
3!
εEABCγ
[AγBγC]. (7)
III. SELF-INTERACTION OF THE γ FIELD
A usual assumption when obtaining the Dirac equation is γA |B = 0 (see, e.g., Ref. [5]),
which is sufficient but not necessary to guarantee that ηAB|C = 0. Some models substitute
this assumption for a more general one γA |B = [VB, γ
A], which leads to the connection
ΓC = (1/4)ωACBγ
[AγB] + VC , (8)
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where ωABC ≡< θ
A,∇eBeC > is the affine connection in the tetrad basis, and VC belongs to
the Clifford algebra. In Ref. [3], the author takes VB in the following general form:
VB = q1AB(x) + q2F
A(x)γBγAγ5(x)
+q3φ(x)γBγ5(x) + q4BB(x)γ5(x)
+q5ξ(x)γB. (9)
Through the identifications eφB(x) = q1AB(x) − 3q2FB(x), gFWB(x) = 3q2FB(x), and
the definition LD ≡ i
(
ψ|Aγ
Aψ − ψγAψ|A
)
− 2mψψ, the Dirac Lagrangian becomes [3]
LD = L
S
D + ieφ
AψγAψ + igFW
AψγA (1 + γ5)ψ
+4q5ξ(x)ψψ, (10)
where LSD is the standard Dirac Lagrangian and ψ = ψ
†γ(0). The first term after LSD may be
interpreted as a kind of electromagnetic interaction, the second as a weak interaction with
a vector boson, and the third term as a mass correction [3]. The Dirac equation for ψ and
ψ are
iγAψ|A −mψ = 0, (11)
iγAψ|A +mψ = 0, (12)
where one has to demand γ(0)Γ†µγ
(0) = −Γ µ to ensure that (10) is a real-valued Lagrangian
and guarantee the validity of Eq. (12). This limits the possible values of the coefficients
appearing in (9). The possible values of these coefficients will be written down later on.
An intriguing feature of the model adopted in Ref. [3] is the non-conservation of the
current JA ≡ ψγAψ. It is straightforward to verify that the covariant derivative of this
current satisfies JA|A = ψ[VA, γ
A]ψ. This means that this current is conserved only if
[VA, γ
A] vanishes. I shall present the conditions needed for the conservation of JA in the
next section.
4
IV. CONSERVATION OF THE CURRENT
By imposing the condition γ(0)Γ†µγ
(0) = −Γ µ, one obtains
(q1AA)
∗ = −q1AA, (13)
(q5ξ)
∗ = −q5ξ, (14)
(q2F
D)∗ = q2F
D, (15)
(q3φ)
∗ = q3φ, (16)
(q2FA + q4BA)
∗ = −(q2FA + q4BA). (17)
But, in general, the term [VA, γ
A] is still nonzero. We need another set of conditions to make
this term vanish.
In order to use the identities (2-7), I write VA in the following form:
VA ≡ A¯AI+ VABγ
B + VABCγ
[BγC]
+VABCDγ
[BγCγD] + B¯Aγ
(5). (18)
It is easy to verify that
γAγBγ(5) = ηABγ(5) + εABCDγ
[CγD], (19)
γAγ(5) = −εABCDγ
[BγCγD], (20)
γ5(x) = −(ε
0123)−1(x)γ(5), (21)
where εµναβ(x) = e µA e
ν
B e
α
C e
β
D ε
ABCD. Note also that γ(5) = −γ(5). Besides, one can easily
verify the relations
A¯A = q1AA, (22)
VAB = q5ξηAB, (23)
VABC = −
q2
ε
εADBCF
D, (24)
VABCD =
q3
ε
φεABCD (25)
B¯A =
1
ε
(q2FA + q4BA) , (26)
where ε(x) ≡ ε0123(x).
By using the identities (2-7) into [VA, γ
A] = 0, we obtain
V[AB] = V
A
AB = V[ABCD] = B¯E = 0. (27)
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It is worth emphasizing that (27) is independent of the model considered here.
From (27) and (22-26), one finds q2FA+ q4BA = 0 and q3φ = 0, which is compatible with
(13-17). This reduces (9) to
VB = q1AB + q2F
AγBγAγ5 − q2FBγ5 + q5ξγB (28)
with q1AB and q5ξ being pure imaginary “numbers”, and q2FB a real one. It is interesting
to emphasize that the form of the Lagrangian (10) remains the same.
V. FINAL REMARKS
As we have seen, it is possible to take a more general spin connection ΓA without changing
the conservation of the current JA. We only need to impose some weak restrictions on VA.
We have also seen that it is possible to keep the requirement γ(0)Γ†µγ
(0) = −Γ µ, since (27)
is compatible with (13-17).
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